Optimal time and space regularity for 
solutions of degenerate differential equations 

00 '. 

O ■ Alberto Favaron 

■ Dipartimento di Matematica "F. Brioschi" Politecnico di Milano, 

£h I via Bonardi 9, 20133 Milano, Italy. Email: alberto.favaron@polimi.it 

5 ! Phone: +39-02-23994639 * 

m 



< 



Abstract. We derive optimal regularity, in both time and space, for solutions of the 
Cauchy problem related to a degenerate differential equation in a Banach space X. Our 
results exhibit a sort of prevalence for space regularity, in the sense that the higher is the 
order of regularity with respect to space, the lower is the corresponding order of regularity 
with respect to time. 
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: 1 Introduction 

Let X be a Banach space and let M and L be two closed linear operators from X to itself, 
whose domains fulfill the relation T>(L) C T>(M). Further, let / be a continuous function 
from [0, T] into X, T > 0, and let Mo be a given element of X. The question of maximal 
regularity for the initial value problem 

X. ( 

^D t (Mv(t)) = Lv(t) + f(t), te{0,T), ( D t = J f/ 
U , 



\mv(0) 



'XV. 



concerns what kind of properties, in time and/or in space, the data need satisfy, in order 
that the solution v to f 1 1.11) exists and the derivative D t Mv possesses similar regularity as 
the data. 

Since the natural operator associated to (11.11) is A = LM~ l , we are led to consider 
the equivalent problem 



(D t w(t)=Aw(t) + f(t), te(0,T], 
\w{0) = u , 



(1.2) 



*The author is a member of the research group GNAMPA of the Italian Istituto Nazionale di Alta 
Matematica (INdAM) 
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where w = Mv. Hence, the question of maximal regularity for (11 .ip is strictly related to 
the regularity of the semigroup generated by A. This yields to the analysis of the spectral 
equation Xu — Au — f, A G C, / G X, in order to obtain an estimate of type 

||(AJ - A)" 1 / IU < C(|A| + Ao)^||/|U, A G E, (1.3) 

/ being the identity operator. Here, /3 G (0, 1], Aq > is large enough, and S is a complex 
region containing the half plane 9?eA > 0. 

Of course (cf. [H Theorem 3.17] and [21 Theorem 1]), if A satisfies assumption (11. 3p 
with /3 = 1, then the results of maximal regularity are analogous to those exhibited in [7] 
for the non degenerate case, corresponding to M = I in (11.11) . and for which, nowadays, 
a wide literature exists. In particular, in the case (3=1, D t Mv has exactly the same 
regularity as the data. This extends to (II. ip the known results on the maximal regularity 
of solutions to (11.21) when the semigroup generated by A is analytic. On the contrary, 
according to [1] and [I], if (3 G (0, 1), then, in general, the semigroup generated by A is no 
longer analytic, but only infinitely differentiable, and this implies that the time regularity 
of the solutions to ( 11.11) decreases. We refer to pD, Theorem 3.26], [21 Theorem 9] and [31 
Theorem 7.2] for precise statements and amounts of the loss of regularity, but, briefly, the 
quoted theorems say that if / G C T ([0, T}; A), r G (1 — (3,1), and Mo fulfills some natural 
consistency conditions, then D t Mv G C u ([0, T];X), where v — r + (3 — 1. 

Notice that, at present, one of the main deficiencies in the theory of degenerate equa- 
tions is the absence of results of space regularity, in the case when (3 G (0, 1) in (II. 3p . It is 
our aim, here, to give a contribution in this field providing an optimal "cross" regularity 
result, in which both time and space regularity for D t Mv are established. As we shall 
see, the space regularity prevails, in the sense that the increase in space regularity reflects 
in a decrease of the order of time regularity. 

The plan of the paper is the following. In Section [21 to a linear operator A from a 
Banach space X to itself, whose resolvent satisfies (11.31) in a region £ depending on a 
additional parameter a G (/3, 1], we associate the corresponding infinitely differentiable 
semigroup {e tA }t>o on X. Moreover, we recall the definition of the interpolation spaces 
(X, D(t4)) 7iP between the domain T>(A) of A and X. 

Section [3] is devoted to show that the uniform norm \\A n e tA \\c(X;(x,v(A)). hP ) blows up, 
as t goes to 0, as a suitable negative power of t depending on a, [3, 7 and n. Further, 
the blow-up rate is greater than the one observed in [6] for the non degenerate case. As 
a corollary, we show that for every e G (0,T] and a G (0, 1) the map t -> A n e tA belongs 
toC°([e,T];£(X;(X,V(A))^ p )). 

Using the results of Section [31 in Section @] we establish time and space regularity 
of some basic operator functions, which appear naturally when Mv and D t Mv are rep- 
resented in terms of the Volterra integral equation equivalent to (11. 2p . In particular, 
Lemmas I4.1H4.5I highlight the above mentioned fact that the higher is the order 7 of the 
interpolation space (X, V(A)) ltP where we look for space regularity, the lower is the Holder 
exponent o of regularity in time. 

Section O contains our main results. First, using Lemmas I4.1H4.31 in Theorems 15.11 and 
15.31 we show that if 7 and a are opportunely chosen, o < 7, then ( II. ip has a unique strict 
solution v such that Mv G C CT ([0, T]; (A, D(v4)) 7iP ). Then, combining Lemmas 14. 3H4. 51 in 
Theorem 15 .41 we prove that, if a and (3 are large enough and the data pair (/, uq) satisfies 
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some suitable space-time assumptions, the regularity C a ([0,T]; (X, / D(A)) 1)P ) holds for 
the derivative D t Mv, too. 

2 Preliminary material and notations 

Let A be a Banach space endowed with norm || ■ \\x and let A : T>(A) C X — > X be 
a single valued linear operator. Recalling that the resolvent set p(A) of A is the set of 
values A G C such that XI — A has a bounded inverse (A/ — A)^ 1 with domain dense in 
X, we assume that A satisfies the following resolvent condition: 

(HI) p(A) contains the complex region E = {A G C : 3?eA > — c(|SmA| + and, for 
every A G E, the following estimate holds 

||(AJ- A)- 1 !!^) < C(1A| + 1)-^, 

for some exponents < (3 < a < 1 and constants c, C > 0. 

Here, as usual, £(A) denotes the Banach space £(A; X) of all bounded linear operators 
from X to X, equipped with the uniform operator norm. 

According to [TJ Theorem 3.1], assumption (HI) implies that A generates an infinitely 
differentiable semigroup on X. More precisely, introduce the family {e tA } t >o C £(A) 
defined by the Dunford integral 

e tA = (2ni)- 1 J e tx (\I - A)~ l d\, t > 0, (2.1) 

where T C E is the contour parametrized by A = — c(|?7| + l) a + ir], — oo < 77 < 00. Define 
also e 0A = 1. Then {e M } t > is a semigroup on A, infinitely many times differentiable for 
t > with D t e tA = Ae tA . In addition, e tA satisfy the estimates (see [TJ Proposition 3.2]) 

\\A k e tA \\ c{x) <c k t^- k -^/ a , t>0, A;GNU{0}, (2.2) 

where the Cfc's are positive constants depending on k. Of course, due to (12. 2p . if (3 < 1, 
then the function t — > e tA is not bounded as t — ► + . As a consequence, e tA is not 
necessarily strongly continuous in the norm of A on the subspace T>(A). 

We stress that, even though here we are following the approach in [Tj, resolvent condi- 
tions of type (HI) were already introduced in [1]. In particular, in [H Remark page 383] 
it was showed that if U is a closed linear operator with dense domain and such that 

-U^Wax) < C(9fe?A+ pmA^)- 1 , KeA > 0, /3g(0,1), 

then U generates a semigroup e tu which is infinitely differentiable for t > 0. 

For our purposes, we recall now the definitions of two classes of real interpolation 
spaces between V(A) and A. First of all, we specify a topology on V(A) equipping it 
with the norm ||y||x>(A) = \\v\\x + II^Hx which makes T>(A) a Banach space. Now, if Z 
is a Banach space, for an Z- valued strongly measurable function g(£), £ G (0, 00), we set 

/ f°° d£\Vp 

\\9\\l?(z)= sup \\g(0\\z, p = oo. 
£6(0,00) 
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Then, according to [1, pag. 26], for every 7 G (0,1) and p G [1, 00] we introduce the 
(intermediate) spaces 

XY ={xeX: \\CA^I - Ay l x\\ L P( X ) < 00}, 

which becomes Banach spaces when endowed with the norm 

\\A\xy ■= \\x\\ x + WFAfcl - A)- X x\\^ {x) . 

Also, for 7 G (0, 1) and p G [1, 00] we denote with V(p, 7, T>(A), A) the space of all A- 
valued functions £ G (0,oo), having the property that the maps £ — > £ 7 t>(£) and 

£ — > £ 7 u'(0 belong, respectively, to L%(T)(A)) and L£(A). As it is well-known (cf. [El 
Lemma 1.8.1]), the spaces V{p, n f,T>(A),X) are Banach spaces with the norm 

\\v\\v{pa,V{A),X) = \\C v \\L p t (V(A)) + \\C v '\\lI(X) 

and any function v G V(p, 7, T>(A), X) has a X- valued continuous extension at t = 0. 
This lead to define the trace spaces (cf. P, Theorem 1.8.2]) 

(A, V{A)\ p = {xeX:x = v(0), v G V(p, 1 - 7, 2?(A)^)}, 

which turn out to be real interpolation spaces between T>(A) and X. They are Banach 
spaces endowed with the norm 

\\x\\( X ,v(A))^ p = inf{|M|v(p,i-7,2>(A),jr) : » = v(Q), v G V(p, 1 - 7, X>(A), A)}. 

Further, for 7 G (0, 1) and 1 < p\ < P2 < 00 we have 

2>(A) - (A,P(A)) 7)P1 (A,D(A)) 7iP2 

whereas, for < 71 < 72 < 1, we have 

(A,P(A)) 72j0O ^(A,P(A)) 7l)1 . 

The classes A^' p and (A, D(A)) 7iP are related one to each other by the following continuous 
embedding (see [HI Theorem 2]) 

A7^(A,X?(A)) 7iP , 7 e(0,l), pG[l,oo], (2.3) 
(X,V(A)) 7 , p ^Xl + ^ p , 7 € (1-/5,1), pG[l,oo], 

which become identities with equivalence of the respective norms when /3 — 1 in (HI). 

As we said before in Introduction, the natural operator A associated to (jl-ip is the 
operator LAf" 1 having domain T>(A) = M(T>(L)). From this point of view, in despite of 
the non degenerate case where the characterizations are wide, in the degenerate case a 
characterization of either A^' p or (A, D(A)) ytP is still lacking, even in the very common 
situation where A = L P (Q), p G [1, 00], Q c R n , M is the multiplication operator by a 
fixed positive function m G L 00 (Q) which may have zeros, and L is a elliptic second-order 
linear differential operator with domain T>(L) = W 2,P (Q) fl W ' p (fi). Up to now, to the 
author's knowledge, the only available result in this direction is Lemma 3.2 in [5] where 
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(X, D(t4)) 7jP is shown to contain a special class of fractional Sobolev spaces. Therefore, 
since in the concrete situations the spaces (X,T>(A)) y<p seem easier to handle than the 
X]^ p , here we prefer to invoke this class of intermediate spaces when interpolation is 
needed from Proposition 13.11 onward. This choice, opposite to that of pQ, seems however 
to be fruitful and allows us to improve some estimates for the semigroup e tA which are 
known only in the X^'°°-setting (see the following Remark 13.21) . 

We conclude the section introducing some notations we will largely use in the sequel. 
Given a Banach space Z, C{[0,T];Z) and C" 5 ([0, T]; Z), 5 G (0,1), denote, respectively, 
the spaces of all continuous and 5-Holder continuous functions from [0,T] into Z. The 
shortenings || • \\q,t;Z and || ■ \\s,t-,z stand, respectively, for the usual sup-norm of C([0, T]; Z) 
and the norm || ■ ||c«([o,t] ; z) °f C s ([0,T]; Z), i.e. 



o, T ;Z = sup ||/(t)||z, 

te[o,T] 



5,T;Z = ||/||o,T;Z + \f\s,T;Z, \fU,T;Z ■= SUp _ 



\\f(t)-f(s)\\z 

0<s<t<T 



Moreover, B([0,T]; Z) and C 1 ((0,T];Z) denote, respectively, the space of all bounded 
functions from [0, T] into Z with the sup-norm, and the space of all strongly differentiable 
functions on (0, T] whose derivatives are continuous from (0, T] into Z. Finally, if Z\ 
and Z2 are two different Banach space, C(Z\, Z2) is the Banach space of bounded linear 
operators from Z\ into Z 2 with the usual uniform operator norm. 



3 Regularity of e tA with respect the spaces (X, T>(A)) 



Here we show two preliminary results concerning the behaviour of A n e , n G N U {0}, 
with respect the interpolation spaces (X, X>(A)) 7)P . Essentially, the following Proposition 
13.11 says that, when t goes to zero, the norm || A n e tA \\c(X;{x,v{A)) 1 ^) may goes to infinity, 
but not faster than a precise negative power of t depending on n, 7 and the exponents 
a, (3 appearing in (HI). A similar result is shown in p, Proposition 2.3.9] for the non 
degenerate case, and in [U Proposition 3.2] for the degenerate one. However, in [I], only 
the case n = is treated and the role of the spaces (X, V(A)) lyP is played there by the 
spaces . 

Proposition 3.1. Let a, f3 G (0,1], (3 < a, 7 G (0,1), p G [l,oo] and n G N U {0}. 

Then there exist positive constants C = C( , ~f,p,n) and C = C'(a, /3, j,p, n) such that the 
following estimates hold 



(3.1) 



(*) \\A n e tA \\c { x; { x,v { A) Kp ) < Ct^-i-7)/« , t G (0, 1], 
(it) \\A n e tA \\ c{x . iixMA)htp) < C't^-V/* , t > 1. 

In particular, setting Ci(T) = C + C'T 1 ^ , for every T > we obtain 

\\A n e tA \\c m x M A)K P ) < c^T)^-"- 1 "^, Vt G (0, T\. (3.2) 

Proof. First, for t G (0, 1] and x G X, using the interpolation inequality ||y||(x,x>(/i)) 7 ,p < 

c(i,p)\\y\\ 1 x 1 \\y\\l( A r y e V ( A ^ and the estimate \\ Ak ^ tA \\c(x) < z k t^~ k -^i a , t > o, 
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k G NU {0}, we get 

\\t n A n e tA x\\ (XMA)Kp < c( 7 ,p)||rAV A x||^||tMV A a;||; (A) 

< c(7,p)c^ 7 t (1 - 7 )^ + ( Q; - 1 ) n - 11 / a ||x||^ 7 (||tM n e tA a;|U + \\t n A n+1 e tA x\\ x y 

^c^c^ 1 - 7 ^- 1 ^ 

< C ( 7 ,p)c^ 7 (c n + C„ +1 ) 7 ^^ 

This proves (I3.ip (i) with C = c( n f,p)c^~' y (c n + c n+ i) 7 . Concerning (I3.1l) (ii). instead, for 
t > 1 and x G X, using (13.11) (i) with t = 1/2 and n = 0, we easily derive: 

||rAV A x|| (W) ) 7 , p = 1(^^72 )"(*- i/2)mV'-HW 



- 1/2, 



(X,X>(A)) 7l , 



< 2"c n [l - l/(2t)]^ + ( a - 1 ^ 1 ]/ a t^ + ( a - 1 )™- 1 ]/ a ||e^|| £{X;(XiI , (A))7ip) ||x|U 

< 2\ 2 i n + 1 -P)+^/ a z n Ct [l3+{a ~ 1)n ~ 1],a \\x\\x ■ 

This proves fl3TTp (ii) with C = 2^ n+1 -^ + ^/ a c n C . Hence, if 1 < T, from (EOMi) we get 
\\A n e tA \\c(X;(x,v(A)h, P ) < C'T"'/ a t i(3 - n - 1 -^ /a , 1 < t < T. Combining this latter inequality 
with (TXTT)(i) we obtain (Q. □ 

Remark 3.2. Observe that, due to the continuous embedding ( 12.31) . if = (0, oo) 

then ( 13. 2p agrees with estimate He^l^p^xJ 00 ) < C^t^ -1-7 )/" in [Tj Proposition 3.2]. 
However, since (X, V(A)) 1)P (X, 'D(y4)) 7j00 for p G [l,oo), our estimate really refines 
that in [Tj, even in the case n = 0. 

Proposition 13. II easily implies that, when t is bounded away from zero, then, for every 
a G (0, 1), the operator function t — > A n e tA is cr-H61der continuous in time with values in 
C(X] (X,T>(A)) 1)P ). Indeed, the following corollary holds. 

Corollary 3.3. Let a, (3 G (0, 1], (3 < a, 7 G (0, 1), p G [1, 00] and jiGNU {0}. Then, 
for every o G (0, 1) and 0<s<t<Twe have 

\\A n e tA - A n e sA \\ c(x ., {XMA)Kp) < a -^ T )s^- n ' 2 -'~ a ^ a (t - s)°. (3.3) 

Proof. For every x G X and < s < t < T, using the identity [^"e*" 4 — A n e sA ]x = 
/* A n+1 e rA x dr, inequality (13. 2p with n replaced by n + 1 and the well-known inequality 
t 1 — s 7 < it — s) 7 , 7 G (0, 1), we easily obtain 



< ci(T)||z||xs (a+/3 ~ n " 2 " 7 ~ Q<T)/Q y r _1 d^ 

< a- 1 c 1 (T)||x|| x s (a+/3 - n - 2 - 7 - Q<T)/a (t - 
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This completes the proof. 



□ 



4 Time and space regularity of the basic operator 
functions 

Proposition 13.11 and Corollary 13.31 enable us to prove some Holder-in-time regularity with 
respect the spaces (X, P(A)) 7iP for those operator functions involving the semigroup e tA 
which we will encounter later. Through the rest of the paper, Cj(T), j = 2,3, . . ., shall 
denote positive nondecreasing functions of T depending also on a, /3, 7, p and a £ (0, 1). 

Lemma 4.1. Let a, (3 £ (0,1] such that (3 < a and 2a + (3 > 2. Then, for every 
7 £ (0, 2a + (3 — 2) and a £ (0, (2a + (3 — 2 — j)/oi) the linear operator 

ft 



[Qig](t) ■■- 



g(0 d£ 



(4.1) 



maps C([0, T];X) into C°"([0,T]; (X, T>(A)) 1 ^ p ), p £ [1, 00], and satisfies the estimate: 

\\Qig\U,T; { x,v(A)K P < T^- 2 ^- a ^ a c 2 (T)\\g\\ , T , x . (4.2) 
Proof. First, for every t £ [0,T], inequality ( 13. 2j) with n = implies 



|[Ql^](*)||(X,27(A)) 7lP < 



a + /? - 1 - 7' 



(4.3) 



where the exponent (a + /3 — 1 — 7) /a is positive since 0<7<2a + /3 — 2<a + /3 — 1. 
Moreover, when a £ (0, (2a + (3 - 2 - 7) /a) and < s < t < T 0, from both (JH2D and 
( 13.31) with n = we obtain 



|[Qi^(i)-[Qi^](s)||( W )) 7 , p 

"S 



< Ci(T)\\g\\ . 



T:X 



a- L (t-s) 
t 



(a+/3— 2— 7— aa)/a 







+ (f-0 



_ C^|(/3-l-7)/a 



< aci(T)||^|| 0) T; 



A' 



a 



< aci(T)\\g\\ ,T; 



X 



-l s {2a+p-2-j-ao-)/aU _ 

2a + f3-2-<y-acr 

(T -l s (2a+/3-2-7-acr)/a 



+ 



(7 _ s )(a+/3-l-7)/a 

a + 1-7 



^ _ s ^(a+/9-l-7-«^)/ai 



L2a + /? - 2 - 7 - acx a + /? - 1 - 7 

Finally, summing up (14.31) and (14.41) . we derive (14. 2 p with 

r ra-«)/«(T- + i) 

c 2 (T) = aci(T) 
This completes the proof. 



+ 



L a + (3 - 1 - 7 2a + /3 



7 — acrJ 



(4.4) 

(4.5) 
□ 



1 Since a £ (0, (2a + (3 — 2 — 7) /a), the case s = follows from inequality (|4.3|) once we observe that 
(a + j3 - 1 - 7)/a - a > (a + (3 - 1 - 7 - (2a + (3 - 2 - 7)) /a = (1 - a)/a > 
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If g is not only merely continuos from [0, T] to X, but cr-H61der continuous, then the 
thesis of Lemma 14.11 follows by a weaker assumption on a and (3 and for larger values of 
7 and a. Indeed, the proof can be modified in order to avoid Corollary 13.31 as it is shown 
in the following lemma. 

Lemma 4.2. Let a, (3 G (0,1] such that (3 < a and a + (3 > 1. Then, for every 
7 G (0, a + (3 — 1) and o G (0, (a + /3 — 1 — j)/cn) the linear operator Qi defined by 
maps C CT ([0, T]; X) into C CT ([0, T]; (X,T>(A)) ltP ) , p G [l,oo], and satisfies the estimate: 

||Qi<?IUt; ( x,^)) 7 , p < T^- l -^^ a cz(T)\\g\\ a , T , x . (4.6) 

If g is a constant function then ( |^.6p can 6e improved until the value a = {a+f3 — l—j)/a. 

Proof Since g G C a ([0, T];X), a G (0, (a + /3 — 1 — 7)/a), when < s < t < T @ from 
(13.21) with n = it follows 

l|[Qi^W-[Qi^](s)||( W )) 7 , p 

< f \\^ A [g(t - - <?(* - m\(x,v(A)h, P ^ + f U A g{t - 0II( W) ) 7 , P 

J0 Js 

< ci(r) \\ g \\^ T , x [(t - s y J* ^^-i-7)/« d^ + jT* e^- 1 -^ de 

< IMU-xK* - sYs^- 1 -^ + (t- s )(«*+^-i-7)/«] 

a + p — 1 — 7 ' ' 

< IbLT-xfs^" 1 " 7 ^ + (t - S )(«+^-l-7-™r)/al/ f _ s )<7_ (4 7) 

a + (3 — 1 — 7 ' ' 
Summing up (14.31) and ( 14. 7ft . we derive (14.61) with 

c 3 (T) = a (a + (3-l- 7 r 1 c 1 (T)[2T CT + 1]. (4.8) 

Last assertion trivially follows simply observing that g{t — £,)—g(s — !;) = in the previous 
computations. □ 

Lemma 4.3. Let a, (3 G (0, 1] such that (3 < a and a + > 1. Moreover, let x G X>(A) ; 
7 G (0,o; + /?- 1) anddG (0, (a + (3 - 1 - 7) /a). Taen e A x G C'QO, T]; (X, X>(A)) 7iP ), 
p G [l,oo], and satisfies the estimate: 

\\e' A x\\ atT . {x ,v(A)h,P ^ c 4COIMIx>(A)- (4.9) 

Proof. First, from Lemma 2.3 in [5], with the triplet (L P (Q), A(t), f) being replaced by 
(X,A,x), we have f e^ A xd£ G T>(A) for every t > and A jje^xd^ = e iA x — 2. Now, 
since x G £>(^4) from the equality A(X — A)~ 1 x = (A — A)" 1 Ax and the definition of 
{e tA }t>o by Dunford integrals, we have Ae tA x = e Ax for every t > 0. Hence 

/ ||Ae eA a;|| x df = / ||e^Aa;|U < c / ^ /3 ' 1)/a \\Ax\\ x d^<c \\x\\ v{A) & +f3 ' 1 ^ a . 
Jo Jo Jo 

2 Since a £ (0, (a + (3 — 1 — 7) /a), the case s = follows from inequality 



s 



It follows that the map f -> ||Ae ?A a;|| x belongs to L 1 ((0,t);X) for all t G (0,7] and 



- - - A J* e^ A x d£ = j'l Ae^ A x d£ = /* e^ A Ax df . Thus, (E2D with n = yields to 



ex — x 



x-x\\ {XMA)htP < Cl (7) / e (/3 - 1 " 7)/a ||^|Ude<c 1 (T)||x||^ ) ^- 1 -^.(4.10) 



Consequently, for every t G [0, T], we get 

||e' A x|| {XiI)(A))7iP < ||e M x-x|| (XiI)(A))7iP + \\x\\ {XMA)hp 
< [ Cl {T)t^- l ~^ a + c( 1 ,p)}\\x\\ v{A) . (4.11) 

Now, let cr e (0, (a + [3 — 1 — 7)/a) and 0<s<i<2'[§. Then, reasoning as in the 
derivation of ( 14.101) . we obtain 

\\e tA x-e sA x\\ (XMA)Kp = || / AJ A xd£\\ 

J s 

< Cl (7)\\x\\ nA) (t - s)^- 1 -^ 

< c l {7)7 {a+p - 1 -^- acj)la \\x\\ v{A) {t - sf. (4.12) 
From (147111 and (14121) we deduce gSJ) with 

c 4 (T) = c( 7 ,p) + Cl (T)T( a+/3 - 1 - 7 - Q,T )/ Q (r ,J + 1) (4.13) 

and the proof is complete. □ 

In the next section, in order to obtain optimal regularity for solutions of degenerate 
parabolic equations, we will need to estimate the maps t — > e tA [f(t) — /(0)] and t — ► 
J * ^4e^~^^ j4 [/(^) — /(£)] d£, where / is Holder continuous. The next two lemmas give us 
the desired results in this direction. 

Lemma 4.4. Let a, (3 G (0,1] such that (3 < a and 2a + (5 > 2. Then, for every 
// G ((2 — a — /3)/a, 1), 7 G (0, a\i + a + (3 — 2) and a G (0, (cv/i + a + /3 — 2 — 7 )/a) t/je 
linear operator 

[Q 2 f}(t):=e tA if(t)-f(0)} (4.14) 

maps C M ([0, T];X) mio C CT ([0, T]; (X, T>(A)) 1%P ), p G [1, 00] , and satisfies the estimate: 

||Q 2 /lkr;( W )) 7 , p < T^ +a+ ?- 2 -^ )/a c,{T)\f\^ T , x . (4.15) 

Proo/. When / G C([0, T]; X), p G ((2 - a - (3) /a, 1), from (E2D with n = it follows 

\\[Q2f](t)\\(x M A)K P < ^mifl^t^- 1 -^, Vt G [0,21, (4.16) 

where (a/i + — 1— 7 )/o; > 0, due to < 7 < a/x + a + /3 — 2 < a\i + (3 — 1. Now, let 
a G (0, (cv/x + a + - 2 - 7) /a) and < s < t < T0. We have 

2 

ll[Q 2 /](t) - [g 2 /]( s )ii (W )) 7 , p < £>(m), (4.17) 

fc=l 



3 Since a £ (0, (a + (3 — 1 — 7)/ct) and e 0j4 is denned to be 1, the case s = follows from (|4.10D . 
4 Since < a < (a/i + a + 3 — 2 — j)/ot < (a/i + /3 — 1— j)/a the case s = follows from (|4. 16|) . 
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where 

h(s,t) := \\e tA [f(t)~f(s)]\\ {XMA)Kp , 

I 2 (s,t) := ||(e' A -e^)[/( S )-/(0)]|| (W )) 7 , p . 

Concerning Ii(s,t), the same reasoning made to derive (14.161) lead us to 

h(s,t) < c x {T)t^- x -^' a \fl >T . x {t - s)\ (4.18) 

the exponent (a/i+/3 — 1 — 7 — aa)/a being positive, since < a < (a/i + a+/3 — 2— 7)/a < 
(a/i + (3 — 1 — 7)/a. Instead, using (13. 3p with n = 0we obtain 

h(s,t)<a-h^ +a+l3 - 2 -^/ a c 1 (T)\f\^ T , x (t-sr (4.19) 

Therefore, (Pfil) - (f4TT9l yield to (14151) with 

c 5 (T) = Cl (T)[T (1 - Q)/a (T CT + 1) + a" 1 ]. (4.20) 

The proof is now complete. □ 

Lemma 4.5. Let a, (3 G (0, 1] such that (3 < a and 3a + (3 > 3. Then, for every 
\i G ((3 — 2a — j3)/a, 1), 7 G (0, a/i + 2a + /3 — 3) and <x G (0, (a/i + 2a + (3 — 3 — 7)/a) 
f/ie linear operator 

[QMt) := f Ae^ A [f(C) - f{t)] d£ (4.21) 
Jo 

maps C^^O, T}; X) into C a ([0, T]; (X, 2}(t4)) 7iP ), p G [l,oo], and satisfies the estimate: 
\\Q3f\UT;(xMA)h, P < T ( ^ +2a+/3 " 3 ^" QCT)/a c 6 (T)|/| AtiT;X . (4.22) 

Proo/. Let / G C"([0, T]; X), fj, G ((3 — 2a — /3)/a, 1). Then, for every t G [0,T], using 
(13.21) with n = lwe find 

\\[QMt)\\(x M A)h, P < ci(t)|/U,t ;X [\t - o ia » +p - 2 -" )/a d£ 



< ^ |/U,T;xt ( ^ +a+/3 - 2 - 7)/a . (4.23) 

a/i + a + p — 2 — 7 

Notice that the choice 7 G (0, a/i + 2a + (3 — 3) implies (a/i + a + /3 — 2 — 7)/a>0in 
the latter inequality. Now, let a G (0, (a/i + 2a + /3 - 3 - 7)/a) and O<s<t<T0. We 
have 

3 

\\[Qsf](t) - [Q 3 f](s)\\ {XMA))iiP <J2Ms,t), (4.24) 

k=l 



5 Since a 6 (0, (a// + 2a + /3 — 3 — 7)/a), the case s = follows from (|4.23[) once we observe that 
(a^i + a + /3 - 2 - 7)/a - cr > (a^ + a + /3 - 2 - 7 - (a/t + 2a + /3 - 3 - 7)) /a = (1 - a) /a > 0. 
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where 

\{X,V(A))^ 

l(X,X>(A)) T , p > 



JiM) := || r[Ae^ A -Ae^][/(0-/( S )]de| 
./o 

^( S ,t):=||^ S Ae^ A [/( S )-/(t)]de|| (Xi , 
t) := || jT ^e<^« A [/(0 - /(*)] de|| ( 



\(X,V(A)h, p - 

We examine first Ji(s, t). To this purpose, from inequality (13.31) with n = 1 we deduce 

JlM) < CT^d^l/I^I r (s _^)(^+^-3-7-^ )A* d £]( t _ s )- 

</ 

< ^ ^'r 1 ^ |/|,, T; x S ( ^ +2a+/3 - 3 - 7 ^ CT)/a (t - *r. (4.25) 

a/x + 2a + p — 3 — 7 — acr 

Let us turn to J2(s, t). Since a + ft — 2 — 7<0, inequality (13. 2ft with n = 1 yields to 

Ms,t) < Cl (T)\f\, >T;X [ [\ t -^-^/«dz](t-sr 



< 2+ "^ } _ |/Ur ; x[(t - s)^- 8 ^)/- - t («+/^-7)/ 1(t _ s) m 

< 9 / Cl(T) J /l,,T;x(t- g )^ + ^- 2 -^ 

z + 7 — a — p 

^ 2 ^^ l/ltf;/^" 2 " T "" )/a (t - (4-26) 
Finally, concerning J%(s,t), still from (I3.2p with n = 1 we get 



a/i + a + p — 2 — 7 

a/i + a + p — 2 — 7 
As a consequence, replacing (I4.25p - (l4.27p in (14.24)) . we obtain 

\\[QM*) ~ [Q*Ms)kx,<DWh» ^ T^+^-^— ^c 7 (T)\f\^ T , x (t - sy, (4.28) 
where c 7 (T) = aci(T)c 8 (T), c 8 (T) being defined by 



a- 1 anT {1 ~ a)/a 



+ 



.a/x + 2a + /3 — 3 — 7 — acr (2 + 7 — a — ft) (an + a + ft — 2 — 7). 
Summing up (I4.23[) and (I4.28[) we easily derive (14.221) with 

c 6 (T) = « Cl (T) [(a/i + a + ft - 2 - 7 )-i T ( 1 " Q+QCT )/ a + C8 (T)] . (4.29) 
This completes the proof. □ 
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5 Maximal regularity for degenerate equations 



In this section we apply the preliminary lemmata of Section H] for proving time and space 
regularity of solutions to the following degenerate first-order initial value problem 

D t (Mv(t)) = Lv(t)+f(t), te(0,T], 

(5.1) 

Mt»(0) = M , 

in a Banach space X. Here M and L are two closed linear operators from X to itself 
having domains, respectively V(M) and V{L) with V(L) C V(M), f G C([0,T];X) is a 
given function and uq G X is a given initial value. 

We want to stress that, since the Cauchy problem (15 .ip coincides with that of type 
(D-E.l) in |H Section 3.3], the range of the possible applications of our results turns out to 
be very large. To this purpose, we refer the interested reader to pQ, and to the references 
therein, for a list of boundary value problems related to degenerate parabolic equations 
which can be reduced to (15. ip via an abstract reformulation. 

According to PQ, we recall that the M-modified resolvent set of L is the set pm{L) = 
{A G C : AM — L has "bounded inverse" M(AM — L)^ 1 on X}. It is easy to prove that 
p M (L) C p(LM- 1 ) and that M(XM-L)- 1 = (A — LM -1 ) -1 , A G p M (L) (cf. [I] Theorem 
1.14]). With the notion of M-modified resolvent set of L at hand, we assume: 

(H2) Pm(L) contains the region £ = {A G C : 5teA > — c(|QrnA| + 1)°} and, for every 
A G S, the following estimate holds 

||M(AM-L)- 1 || £{X) <C(|A| + 1)-' 3 , 

for some exponents < (3 < a < 1 and constants c, C > 0. 

Of course, assumption (H2) implies that the operator A = LM~ X with domain T>(A) = 
M(T>{L)) satisfies assumption (HI) and hence that it generates a semigroup {e tA } t >o 
defined by (JZH) and satisfying Q . 

Notice that, due to the identity L(\M - L)- 1 = XM(XM - L)" 1 - I, (H2) reads 
equivalently to 

\\L{\M - L)- l \\ c(x) < C\\\{\\\ + I)- 13 + 1 < (C + 1)(|A| + l) 1 "^. (5.2) 

However, until now, under assumption (15. 2p only results of time regularity have been 
established. See, for instance, 0, Theorem 9] and [31 Theorem 7.2]. A result of space 
regularity has been obtained in [2], but with a stronger hypothesis of abstract potential 
type on the operator T = ML~ l = A' 1 , precisely 

\\L{XM - L)- l \\ c{x) = || (AT - I)- l \\ c{ x) <C, A > 0. (5.3) 

In this case T, the part of T in the closure R(T) of its range, has a densely defined 
inverse T _1 (unbounded, in general) which generates an analytic semigroup in R(T). 
Then, denoted by P the projection operator onto the null space N(T) of T and provided 
that some suitable assumptions are satisfied on (J — P)f and (J — P)Lu , v = Mu , 
in [21 Theorem 5] it is shown that D t Mv belongs to B([0, T), 9 G (0,1). This 
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is done by means of customary techniques of analytic semigroup theory. In particular, 
since assumption (15.31) implies the identity X^f? = (R(T), V(T~ l ))o )00 , the quoted result 
extends [7J Theorem 5.5] to degenerate equations. 

The main problem in [2] lies in the characterization of projection P, which is crucial 
when space regularity is investigated. From this point of view, our aim is twofold. At 
first, to replace (15. 3p with the more general assumption (H2) removing the analyticity 
of the semigroup e tA . Then, to show both time and space regularity for D t Mv without 
invoking P. 

We begin proving two theorems concerning the regularity of the strict solution to (15.11) . 
Recall that, according to jU page 53], by a strict solution v to (15. ip we mean a function 
v G C((0,T),V(L)) such that Mv G C^^T^X) and ([EI]) holds, where Mv(0) = u is 
understood in the sense that lim^ \\ML~ l (Mv (t) — uo)\\x = 0. 

Theorem 5.1. Let assumption (H2) be fulfilled with 2a + (3 > 2 and let uq G M(T>(L)) 
and f G C^([0, T]; X), fi G ((2 - a - P)/a,l). Then, for every 7 G (0, 2a + (3 - 2), 
cr g (0, (2a + (3 — 2 — 7) /a) and p G [1, 00], problem ( \5.1h has a unique strict solution v 
such that 

Mv G ^((0, T];X) n C([0, T];X)n C CT ([0, T); (X, V(A)) 7>p ). (5.4) 
Moreover, the following estimate holds true: 

\\Mv\\ atT .( X ,v(A)h.p - c i( T )\\ u o\\v(A) +T u c 2 {T)\\f\\^ T . x , (5.5) 

where v = (2a + (3 — 2 — 7 — ao~) /a. Here C2(T) and c^(T) are the positive nondecreasing 
functions ofT defined, respectively, in ( |^.<5p and l \4-Pty - 

Proof First, when / G C^([0, T}; X), /i G ((2-a-/3)/a,l), and m G M(V(L)) =V(A), 
[U Theorem 3.9] ensures that problem (15.11) admits a unique strict solution t> such that 
Mv G (^^^((OjT];^) PI C([0,T];X). In particular, the following representation holds: 

(Mv)(t) = e tA u + [QMt), t G [0,T], (5.6) 

Qi being defined in (14. ip . This is a consequence of [TJ Theorem 3.7] and the Remark to it, 
changing the unknown function to w = Mv and rewriting (15.11) into the equivalent form 

D t w(t) = Aw(t) + f{t), t G (0, T], w(0) = Mo- 
Further, for every 7 G (0, 2a + (3 — 2) and a G (0, {2a + (3 — 2 — j)/a), Lemmas 14.11 and 
14.31 imply that Q\f and e A Uo belong to C CT ([0,T]; (X, X>(A)) 7iP ), p G [1, 00], and the same 
assert is true for Mv by virtue of (15. 6p . Finally, estimate (15.51) follows from (14.21) . (14. 9 p 
and (JITS]). □ 

Remark 5.2. We stress that, even if in Theorem 15. II / is assumed /i-Holder continuous in 
time, during the proof we have used Lemma [4.11 which requires only the mere continuity 
of /. This is, for, /1 being in ((2 — a — (3)/a, 1), it is not guaranteed that / G C CT ([0, T];X), 
o~ G (0, (a + (3 — 1 — j)/oz), 7 G (0, a + (3 — 1), in order to apply Lemma 14.21 Indeed, 
provided a + (3 > 3/2 and 7 G (0, 2(a + (3) — 3) C (0, a + (3 — 1), it may happen that 
(2-a-P)/a < 11 < a < (a + P-l-rf/a, so that / £ C ff ([0, T]; X). Since a + > 3/2 
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implies 2a + (3 > 2, such a case may effectively take place if a and (3 are large enough. 
Situation is not better if we try to apply Lemma 14.21 restricting 7 and a to vary in the 
smaller intervals of Lemma 14.11 In fact, it may occur that (2 — a — (3)/a < fi < a < 
(2a + (3 - 2 - 7) /a, provided 3a + 2(3 > 4 and 7 G (0, 3a + 2(3 - 4) C (0, 2a + (3-2). 

Theorem 5.3. Let the assumptions in Theorem 15.11 be satisfied, but with a + (3 > 3/2. 
Then, for every 7 G [2(a + (3) — 3, a + (3 — 1), a G (0, (a + (3 — 1 — 7)/a) p G [1, 00], 
problem (I 5. 7j) nas a unique strict solution v satisfying (5.4)- Moreover, the following 
estimate holds true: 

\\Mv\\ aiT . {x , v(A)h:P < c 4 (T)Klb(A) +r%(T)max{l,T^}||/|| M)T . x , (5.7) 

where u = (a + (3 — 1— 7 — a<r)/a. .Here C3(T) is t/ie positive nondecreasing function of 
T defined in (T|7< 



Proof. As before, since a + /3 > 3/2 implies 2a + /3 > 2, the belonging of Mt> to 
C 1 ((0,T];X)nC([0,T];X) follows from [U Theorem 3.9]. Now, our assumptions on m , 7 
and a enable us to use Lemma H~3l to ensure that e' A uo belong to C CT ([0, T]; (X, V(A)) ltP ), 
p G [1, 00]. In addition, the assumption 7 > 2(a + (3) — 3 imply the following chain of 
inequalities 

< a < (a + (3 - 1 - j)/a < (2 - a - (3)/a < /J, < 1. 

As a consequence, we have / G C CT ([0, T]; X), a G (0, (a + /3 — 1 — 7)/a), and we are 
in position to apply Lemma H~2l Thus, Qif is in C a ([0,T]; (X,V(A)) lp ), p G [l,oo], 
and satisfies (14.61) . with g being replaced by /. Hence, from (15.61) we deduce that Mv G 
C ff ([0,T]; (X,V(A)) 7tP ), p G [l,oo]. Finally, estimate (JEH) follows from (jMD, flUD, O 
and the inequality ||/||a,T ; x < max{l, T^yWfW^x- □ 

We now come to our main theorem, which provides regularity in both time and space 
for the derivative D t Mv. The following statement improves [TJ Theorem 3.26] and the 
results in [2] and [3] mentioned before. 

Theorem 5.4. Let assumption (H2) be fulfilled with 3a + (3 > 3 and let uq G M(T>(L)) 
and f G C M ([0, T]; A), fi G ((3 — 2a — /3) /a, 1). Further, let assume that 

Lv + f{0)=:g eM(V[L)), u = Mv , v eV{L). (5.8) 

Then, for every 7 G (0, a/i + 2a + /3 — 3), cr g (0, (an + 2a + (3 — 3 — 7) /a) and pG [1 , 00] , 
problem ( 15. J p /ias a unique strict solution v such that 

D t Mv G C CT ([0, T]; (A, T>(v4)) 7iP ). 

Moreover, the following estimate holds true: 

\\D t Mv\\ a>T;{XtV{A)h!V < c 4 (T)\\g \\ v{A) + TO(T)|/| M)T . X , (5.9) 

w/iere 1/ = (a/i + 2a + /? - 3 - 7 - ad) /a and C{T) = T^ a ^ a c 5 {T) + c 6 (T). Here c 5 (T) 
and Cg(T) are tne positive nondecreasing functions of T defined, respectively, in l \4-20ty 
and ( ggg ). 



14 



Proof. First, since 3a + (3 > 3 implies 2a + (3 > 2 and / G C M ([0,T];X), where /x G 
((3 — 2a — f3)/a, 1) C ((2 — a — 0)/a, 1), Theorem 15. II applies and (I5.6P holds. Hence, as 
shown in [Tj Remark page 55], differentiating (I5.6P with respect to t and using (15.81) . we 
deduce 

D t (Mv(t)) = e tA g + [Q 2 f](t) + [Q 3 f](t), t G [0,T], (5.10) 

the Q/s, j = 2,3, being defined, respectively, in (14.141) and (14.211) . In particular, Mv G 
C 1 ([0,T];X) and the equation in (15. ip makes sense even at t = 0. Now, notice that 

7 G (0, a/i + 2a + (3 - 3) C (0, a/i + a + (3 - 2) C (0, a + (3 - 1), 
n , = | Q a/i + 2a + /3-3-7 \ ^ / a/x + a + /3-2-7 \ ^ / a + g - 1 - 7 



a /v a /V a 

so that all the assumptions of Lemmas I4.3H4.5I are satisfied. Therefore, for every 7 G 
(0, afi + 2a + (3 — 3) and a G (0, (a/i + 2a +/3 — 3 — 7)/a), e' A g and Qjf, j = 2, 3, belong 
to C CT ([0,T]; (X, D(A)) 7P ), p G [1, 00]. Of course, due to (I5.10p . the same belonging holds 
for the derivative D t Mv. Finally, estimates (JMD, (EH^) and (T4~2"2l yields to (1531) . and 
the proof is complete. □ 
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